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Abstract: In this paper, we introduce a new subclass of analytic and meromorphic univalent function associated with liner

operator involving complex order in the punctured unit disk. Then we characterized these functions and obtained some of

properties of this subclass.
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1. Introduction

There are many researchers who have studied
different classes of meromorphic univalent
functions and meromorphic p —valent functions
involving integral operators like Aouf [1],
Atshan[2], Atshan and Kulkarni [3]
Ponnusamy [8], Tehranchi and Kulkarni [10]
and this operator was studied by Urolgaddi and
Somanatha [11]. Let RZ denote of the class of
all meromorphic functions f(z) defined as the

following :
(00}
+ Z a, z"

n=1

N | =

f(2) = (1)

Which are analytic and univalent in the
punchred unit disk.
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U'={z:z€Cand 0 < |z| < 1} = U/{0}.

Let RZH denote the subclass of RZ consist of
the functions defined as:

1 [ee]

f(z)=—+ZanZ”.an20. (2)
d n=1

we define the Hadamared product (or

convolution) of f(z) and g(z) by the form

1 co
(f + @) ==+ ) apbyz" = (g + ).
n=1

following the recent work of Liu and Sairastava
[7] for a function belong to the class RZ given
by (1) the Linear operator L¥is defind by:

L°(f(@) =f(@),
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L f(2) = L [L*'f(2)] la[L*f ()] + (1 —m)z?[L*f(2)]"
_ 1 + z3[L*f(2)] — [2(1 — m) — 6a
B z + 1]z7%|
4 Z(n +2)¢a, 7" 11 = Dt — az 2 [IF @)
n=1 —1-mz 3l f@D)]+ (1 -«
21k-1 / —4
_ /@) Zf(z)) keEN. (3) —mz
It is easily verified from (4), that for f € RZ .k € = |a[—-6z"*+ Z nn—1)Mn-2)(n
N, n=1
+ 2)*a,z"3]
Z[Lk f(Z)], = [k+1 f(Z) + (1 _ m)Z—l[ZZ—B
— 2Lk f (2). (5 o
A function f(z) defined by (2) belongs to the + Z n(n = D(n+2)"a,z""’]
class RZH is said to be in the class RZH N Zfé (21
(a.m.A.t. k) if and only if satisfies the following ©
condition: + Z(n —2)*a,z"]
| all* f(D]" + (A —m)z2[L*f(2)]" | el
+2 3L f(2)] - [2(0 —m) — 6a + 1)z™* — 21 -m)+6 « +1]z7*

(1 =Dt —az2[Lk f(2)]' —
(1—-m)z 3L f(D)] + (1 —a — D)z~4
<1  (6)

Where 0<a<1.0<m<10<A<1lte -
C/{0}. k € N.

1=Vt —az ?[-z?

+ Z n(n+ 2)¢a,z" 1 - (1
2. Characterization of the functions n=1

—m)z3[z71
We now investigate  the  coefficient >
characterization theorem for the function + Z (n+2)*ayz"]
f(z) € RZH(a.m.A. t. k, then by obtaining the =
coefficient boundes . +(1-a)z™*
Theorem 1 A function f(z) defined by (2) is in i -
the class RZH (a.m. A.t.k) if and only if = |—6az™" +¥nian(n -1 -2)(n+
Dka,z" 2 +2(1-m)z7t + ¥, (1 —
Ym=i[[n(n—Da(n—2) + 1 —m]+ 1] + m)n(n— D(n+2)ka,z" 3 +z7* +
[an + 1 —m]] (n+ 2)kan < (1 = D[t]. (7) YO n+2)ka,z"3 — [2(1 —m) + 6a + 1] —

- o k -
Proof Let (7) holds true , for |z| = 1, we have (1-Dt+az™* =¥ an(n+2)a,z"° -
1-m)z™* =Y, (1—-m)(n+2)*a,z"3 +

(1—a—-m)z™*
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= ¥ an(n—1Dn-2)(n+2)¢a,z"3 +
Yo  1—-mnn—1)(n+2)akt" 3 +
Yoma(n+2)*a,z" 3| -
(1 =Dt =Y> an(n+2)ka,z"3 —

Y= (1= m)(n+ 2) a, t" 3|

= |Xrei[an(n —D(n - 2) + (1 —m)n(n —
D+](n+ 2)*%a,z" 3|1 - Dt =¥ [xn +
1 -m)](n+ 2)*a,z"3|

= |Xr=in(n—D]a(n—2) + (1 —m)] +
11(n + 2)*a,z" 3| = |(1 = Dt — Xy [an +
1-—m]—(+2)*a,z" 3| < 3% [n(n—1)[x
n—2)+1-m)]+1](n + 2)ka,|z| n-3
3_(1 — Dt +Tpzilan + 1 —m](n + 2)*a,|z|"

For |z|=1, me have

= Y=l —Da(n-2)+1-m)]+1] +
[an + 1 —m]](n + 2)*a, — (1 — A)|t]

So , by hypothesis (7), we have f(z) belongs to
the class RZH (a.m.A.t. k).

Conversely , assume that f(z) is defined by (2)
belongs to the class RZH (a.m.A.t. k) , from (6) ,
we have

alLl¥ f(2)]" + (1 —m)z 2 [L*f(2)]"
+z 3L f(2)] - [2(1 —m) — 6a + 1)z™*
1 -MDt—az?[I* f(2)] - (1 —m)
z3 [ f(D)]+ (1 —a—A1)z™*

Yo [n(m-D[a(n-2)+(1-m)]+1](n+2)*a, z"3
1-Dt-3 [an+1-m](n+2)ka,z"n—3

Since (z) < |z| , therefor ,we have

(o, [M(n—Dla(n—2)+ 1 -m)])

!Zz’:l +1](n + 2)a,z""3 !
ke [an+ 1 —m)]
L (1 - A)ltl T 4n=1 (n + Z)Ranzn—3 J

<1 (8)

Now, letting z — 1, thought real values in (8) , at
once obtain (7) and theorem is completely proved .

In the next theorem, we concentrated on getting
the growth and distortion theorem for the f(z) to
belong in the class (a.m.A.t. k) .

Theoreme2  Let f(z) belongs to the class
RZH (a.m.A. t. k)

1 (1-Dltllz| 1 1-Dltllz]

E - (2+a-m)3k S |f(Z)| S E - (2+a-m)3k

()

Thisfor0 < |z| <1
Proof Letf € RZH (a.m.A.t. k). then

(o)
1+Z .
- anz
7 n

oo}

1
()] = <7+ a2
n=1 n=1
LN
<[l +1 2 e
n=1
So, by using Theorem 1, we have
o 1-Dlel
Zn=1an s (2+a-m)3k '
thus
1 (1 - Altll|z]
<—+ .
F @)l lz| 2+ a—m)3k
Similarly , we have
1 oo . 1 oo
@I 2= ) anlal" 2 =12l ) an.
n=1 n=1
thus
1 (1 - Altllz]
>
@)1= lz| 2+ a-m)3k
Theorem 3
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Let f € RZH (a.m.A.t.k) . Then

1 @-l ,
T e =@
1 A=l
= lzI2 T (2—-m)3k

Proof Let f € RZH (a.m.A.t. k) we have
lIf'(2)| < #+Z$§=1n a, , by using theorm 1

we have
C (1-Dltl
Zln a, < m
So
) 1 (1 -]t
F'@I<S T+ e

Similarly we have

If'(2)] < L+Znan > ! — (- Al .
|z 4 |z|2 (2 —m)3*
n=

Thus we complete the proof .

3. The inclusion relation

Next, we determine the inclusion relationship
involving (n. s)—neighborhoods.

Following the earlier works on neighborhoods of
analytic function by Goodman [5], Ruscheweyh
[9] and Atshan and Kulkarni [4] , but for
meromerphic function studied by Lin and
Srivastava, we define the (n.s) -neighborhoods
of function f € RZH, by

Nns(f) = {geRZH : g(z) =

=+ Ty baz", (11)

and

Zlan—bnl <6.0<6
n=1

<1}. (12)

Definition 1 A function g € RZH is said to be in
the class RZH (a.m.A.t.k.8§) if there exists a
function f € RZH (a.m.A.t.k) such that

g(z)
g 2 — <
@ 1|<1 o, zeU0<0o<

1. (13)

Theorm4 Let f € RZH (a.m.A.t.k) and
o

=1

5(2+a—m)3k 14
T Q+a-m3k—1-D0)" (14)
Then

N,s(f) € RZH (a.m.A.t. k).

Proof
that

Let € N, s(f) , then we have from (11)

oo

Z nla, — b,| <6,

n=1

which implies the coefficient inequality

ZIan —b,| <6,n€EN.
n=1

Also since € RZH (a.m.A.t.k), we have from
theorem (1)

C (1-Alel
; tn = (2—-m)3k "’
so that
9@ ‘ _[Patan by
@ Y anen

Z;?:llan_bnl
==

o0
n=1%n
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§(2+a-m)3k _ 1 _
= Q2+a-m)3k-(L-D|t] 1-34.

Thus , by Definition 1, g € RZH for §, is given
by (13) .

This complete the proof. In the next , we
considered integral transform of functions in the
class RZH (a.m.A.t. k) .

Theorem 5 Let the function f given by (2) be in
the class RZH (a.m.A.t. k), then the integral
operator

1

f(z)=c fucf(uz)du. 0<u<1l0<c

0

< oo, (15)

in the class RZH (a.m.A.t. k)

Proof Let f(2) = §+ Yime1 anz™ in the class
RZH (a.m.A. t.k) .

Then

1
f(z)=c fucf(uz)du
0

= cfucf(uz)du

It is easy to show that

20

c[[n(n — D][a(n —2) + (1 —m)] + 1]
+[an + 1 —m)](n — 2)*
(c+n+ 1A =Dt

(16)

Z n
n=1
<1.

Since

f € RZH (a.m.A. t. k),

[[n(n —D]lan-2)+ (A1 -m)]+ 1]
+[an + 1 —m)](n — 2)*
(1 -l
<1

an

note that (15) is satisfied

c[[n(n—D]la(n—2)+ (1 —-m)]+1
+lan + 1 —m)](n — 2)*
(c+n+ 1A -2)]t]
[[nM(n—D]la(n—2)+ (1 —-—m)]+1
+lan + 1 —m)](n — 2)*
1 -=Dltl

Since —

<1 for all e N. Hence , we
c+n+1
obtained the required result.
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